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ABSTRACT: Drawing on analogies with the commutative case, the Wilsonian picture of
renormalization is developed for noncommutative scalar field theory. The dimensionful
noncommutativity parameter, 0, induces several new features. Fixed-points are replaced
by ‘floating-points’ (actions which are scale independent only up to appearances of 6 written
in cutoff units). Furthermore, it is found that one must use correctly normalized operators,
with respect to a new scalar product, to define the right notion of relevance and irrelevance.

In this framework it is straightforward and intuitive to reproduce the classification of
operators found by Grosse & Wulkenhaar, around the Gaussian floating-point. The one-
loop B-function of their model is computed directly within the exact renormalization group,
reproducing the previous result that it vanishes in the self-dual theory, in the limit of large
cutoff. With the link between this methodology and earlier results made, it is discussed
how the vanishing of the S-function to all loops, as found by Disertori et al., should be
interpreted in a Wilsonian framework.
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1 Introduction

1.1 The Grosse & Wulkenhaar model

The renormalization of noncommutative theories — which not only appear naturally in
some limiting regime of string theory [1] but are also relevant for physics in a strong
magnetic field [2] — is a subtle and instructive business.

Whilst one might hope that a fundamental graininess of spacetime would alleviate
the ultraviolet divergences ubiquitous in quantum field theory, instead one encounters the
infamous ultraviolet/infrared (UV/IR) mixing problem [3]. Compared with commutative
theories, their noncommutative analogues exhibit a new class of graph, like the non-planar
tadpole in a ¢* theory. Whilst UV convergent, these graphs blow up for vanishing external
momenta, if the overall UV cutoff is removed. Embedding these non-planar diagrams



inside bigger graphs can ultimately generate loop integrals which are not integrable, due
to IR divergences.

Thus, although this UV/IR mixing appears at the first order in perturbation theory,
graphs with divergent amplitude due to this effect appear only at higher orders (at least
three for a four dimensional theory). This initially led to some confusion about the renor-
malizability of such theories [4, 5]. We know today that naive noncommutative theories
in fact are not renormalizable but, in order to see this, one needs to go beyond the first
orders of perturbation theory, and address the question of renormalizability to all orders
or nonperturbatively.!

Remarkably, despite the apparently hopeless situation caused by UV /IR mixing, Grosse
& Wulkenhaar were able to show, in a trail-blazing series of papers [6-8], that a particu-
lar version of the scalar ¢* model on noncommutative R?* is renormalizable. The initial,
highly technical proofs — which were performed in the ‘matrix base’, that will be intro-
duced shortly — have been simplified and translated to the direct space in [9]. The key
step in Grosse & Wulkenhaar’s approach was to add a new two-point term to the action.
Heuristically, the motivation for this can be justified in several ways. Physically, Grosse
& Wulkenhaar recognized that the message of UV/IR mixing is precisely that the short
distance physics of the model modifies the long distance physics. In the commutative ¢*
model, the long distance physics corresponds to an essentially free theory. Thus, to have
any hope of renormalizing the noncommutative model, they argued that the free theory
should be modified; this of course amounts to adding a new two-point term to the action.
The second justification comes from a duality of certain noncommutative interactions first
recognized by Langmann & Szabo [10].

To precisely state the Grosse & Wulkenhaar modifications we introduce the following
notation. The coordinates of the noncommutative Moyal space Rg satisfy the commuta-

tion relation

[xH, 2¥] = 16", (1.1)

where we will choose a coordinate system in which the antisymmetric matrix 0*” takes

the form
0 &4 0 O
-0, 0 0 O
0,, = . 1.2
. 0 0 0 6 (12)
0 0 -6, 0

For the rest of this paper we will only consider the case that
91 == 92 = 9; (13)

it is straightforward to adapt our methodology and conclusions to the general case.

Throughout this paper, nonperturbative is taken in the Wilsonian, or ‘exact renormalization group’
sense. This is by no means equivalent to the meaning of nonperturbative in the constructive quantum field
theory sense. Thus we do not claim to prove, for instance, that the perturbative series is Borel summable.



The algebra of functions on R?)‘ can be taken as the algebra of Schwarz-class functions
of rapid decay on the usual R?*, but with a deformed product:

(a*xb)(x) = /(;l:)kD /dDya (m + %6’ : /<:> bz +y)e v, (1.4)

where

0 -k=0"k,, k-y=k'y,, o = —gvr.

The Grosse & Wulkenhaar action is

2 2
Saw = [d' B (0,0) % (9#6) + o (50)  (#6) + 26 x 0+ Joxox%6|, (15)

where
F, =201 2" (1.6)

The new two-point interaction takes the form of a harmonic oscillator term. At first
sight, this is a rather pathological addition to the action, since it breaks translation invari-
ance. However, we are viewing the Grosse & Wulkenhaar model simply as a laboratory for
understanding renormalization in noncommutative field theories. As pointed out by Ri-
vasseau [11] there are other models in which, whilst a similar sort of term must be added,
physical observables turn out not to feel the translation invariance violating effects. So we
hope that the results of this paper will be adaptable to more physically interesting cases.

With this issue behind us, we now return to Langmann-Szabo duality. They observed
that an interaction of the form ¢ x- - - x ¢ is invariant under an interchange of positions and
momenta. In other words, the Fourier transformed interaction takes the same form as the

position-space interaction. Specifically, such *-product interactions are invariant under

d(p) — 72+/|det 0]p(), Du < Ty (1.7)

where q@(pa) = [d% e(—l)“il’a,ﬂgqﬁ(ma), with the label, a, indicating the position of the ¢
within the string ¢ x - - - % ¢.

Now, returning to Sgw, both the mass term and the four-point term are invariant under
the duality transformation, but the kinetic term is not. Adding the harmonic oscillator
term implements this duality for the complete action, at least for £ = 1, the so-called ‘self-
dual’ theory. Away from the self-dual point, the theory is covariant (rather than invariant)
under the Langmann-Szabo duality:

(1.8)

S[¢](Q,M,A)»—>QQS[¢]<1 M A).

Q00

Grosse & Wulkenhaar argued that if the standard kinetic term has divergent contributions,
then it is likely that its dual will also pick up divergent contributions. If these are to be
absorbed by tuning the bare action, this demands that the harmonic oscillator term be
present from the start. So, one way or another, the addition of the harmonic oscillator
term is plausible if we are to construct a renormalizable theory.



To actually demonstrate perturbative renormalization of their theory, Grosse & Wulken-
haar adapted Polchinski’s proof [12] of the perturbative renormalizability of the commu-
tative ¢* model. This proof uses an exact renormalization group (ERG) equation (often
called a flow equation), in the spirit of Wilson [13] (see also [14]). The basic idea of the
formalism is that, starting at some high energy scale — the bare scale — Ag, one integrates
out degrees of freedom down to a much lower ‘effective’ scale A. During this procedure,
the bare action evolves into the Wilsonian effective action, Sy. Flow equations provide an
exact equation specifying how Sy changes with scale, viz.

OSh = ...,

where ¢ is the ‘RG-time’ which, given an arbitrary (as opposed to physical) scale, u, is
defined according to ¢t = In u/A. One of the particularly useful aspects of Polchinski’s work
is a flow equation (see section 2) that is considerably simpler to use than Wilson’s.

Nevertheless, at first sight it is quite remarkable that a flow equation approach works in
noncommutative scalar field theory. A crucial ingredient of flow equations is that coarse-
graining of degrees of freedom occurs only over a local patch. This can be achieved by
ensuring that all ingredients of the flow equation have a derivative expansion, which is
necessary to ensure that each RG step A — A — §A is free of IR divergences. In the
noncommutative case, it looks like this approach is doomed to failure. Fortunately, however,
it turns out that field theories on ]Rg can be reformulated in terms of infinite dimensional
matrices [15] (see [6] for a digestible summary). In the matrix base, there is no problem
writing down a flow equation and, indeed, this is precisely the approach taken by Grosse
& Wulkenhaar.?

To construct the matrix base (which is reviewed in more detail in appendix A.1) in
D = 4, we start with the basis function by, (x). This is built from two copies of the D = 2
basis functions and, as a consequence, m and n are valued in N?:
bin () = Frnipt (21, 2%) frnznz (22, 21), m = %; eN? n= Z; B\ (1.9)

where the m’ and n’ are just valued in N and the fs are defined in eq. (A.12).
We can now express functions in the direct space in the matrix base:

¢(x) = Z ¢mnbmn(x) (1.10)

m,n=0

One of the nice things about the matrix base is that the x-product translates to ma-
trix multiplication:

(Bx)@) = D PmkOknbmn(x). (1.11)
m,n,k=0
Since
/d4:n b () = V4O, (1.12)

2Presumably, once things are formulated in the matrix base, it is possible (but beyond the scope of this
paper) to translate back to the direct space.



where v4 — the volume of an elementary cell — is defined according to
vy = (210)?, (1.13)

the four-point interaction is particularly simple in the matrix base:

/d4.%' ((ﬁ* ¢* ¢* ¢)($) = Uy Z ¢mn¢nk¢kl¢lm- (114)

m,n,k,l

To deal with the kinetic term, we recognize that both derivatives with respect to
x, and pointwise multiplication by &, can be written in terms of x-products [16] (see
appendix A.1):

8 1, of i
xuf(x) = g{x,ua [1(2), 8—56“ = _g[x,ua fle(). (1.15)
Thus, defining the matrix version of 7, via
Eu= > (X,),,, b (@) (1.16)
m,n=0

and splitting Q2 up into the self-dual part and the deviation from this:

Q2 -1 +w7 (117)
we can write Sqw as:
4w/2, o W s ou M A
Saw = 14 T/¢XMX“¢+Z¢XM¢XM+7¢¢+I¢¢¢¢ ) (1'18)

where the dot-notation is shorthand for matrix summations:

$Y 0= > bpnYomnmiSri-

m,n,k,leN2

Note that we are using the same symbol for the field in position space and in the matrix
base, but it should always be clear from the context which is which.

For all that follows, it will be very convenient to consider the first term to be the kinetic
term, with the other two-point terms thought of as perturbations. The primary advantage
of this is that this kinetic term is readily invertible; the (bare) propagator defined as the
inverse of the full two-point function is rather unpleasant [8]. So, writing

¢ ' XM ' XM ' ¢ = Z Gmn;kl¢mn¢kla (119)
m,n,k,l
it turns out that
424+ m+n
Gmn;kl = %&nlénk- (120)



We conclude this section by giving an expression for the matrices X - Actually, hence-
forth, we will define X u such that it has been rendered dimensionless by the appropriate
power of the effective scale, A:

01 0—1
) ) 5|1 0 V2 . . 5|10 —v2
X1:X3:\/% s | XQ:X4:1'\/% oo | (1.21)

where the above matrices are tensor products with the identity 8,,2,,2 for X; and X, and
with 9,,1,,1 for X5 and X4. The only thing we need for this paper is to notice that these
expressions contain a 1/\/5, with @ defined in eq. (1.22).

1.2 Renormalizability

As mentioned already, the defining achievement of Grosse & Wulkenhaar was to prove
perturbative renormalizability of their model. That this was achieved using flow equations
is tantalizing since, in the commutative case, flow equations provide a natural framework
for concretely accessing Wilson’s picture [13, 17] of nonperturbative renormalizability.

In the commutative setting, rather than seeking to prove perturbative renormalizabil-
ity, one can start by classifying nonperturbatively renormalizable theories by looking for
critical fixed-points. The rationale for doing this (which will be discussed in more detail in
section 3) is that such theories are conformal. Conformal theories are independent of all
scales and, therefore, are independent of the bare scale, Ag. Consequently, Ay can be safely
(indeed, trivially) sent to infinity: the theory is nonperturbatively renormalizable. Having
found a conformal field theory, scale dependent renormalizable theories can be found by
perturbing the fixed-point action in the directions relevant (including marginally relevant)
to the given fixed-point (again, this will be discussed in more detail in section 3). However,
the main point that we wish to elucidate in this section is that this necessitates looking at
quantum field theories (QFT)s in a somewhat different way from usual.

The typical starting place in QFT is some action which, for whatever reason, we
have decided to investigate. However, if we are interested in classifying nonperturbatively
renormalizable theories, our starting point is not a specific action, but rather the ‘theory
space’ consisting of all possible actions (limited by certain requirements to be discussed in
section 2.2). As stated above, we are interested (in the first instance) in picking out those
actions corresponding to critical fixed-points. Thus, in this way of looking at things, the
actions with which we work are not given to us ahead of time: they are objects for which we
solve. In the case of asymptotically free theories, this procedure is essentially trivial since
we are dealing either with the Gaussian theory and the weakly coupled (renormalizable)
theories in its vicinity. In such cases, one can dispense with the Wilsonian approach and
jump straight to the actions which are renormalizable by power counting. Nevertheless, it
should be emphasised that by glossing over the underlying Wilsonian picture, details such
as why the perturbative renormalizability of A¢* theory in D = 4 by no means implies
nonperturbative renormalizability are obscured. (The answer resides in the fact that, since



A is marginally irrelevant, it is not a relevant perturbation of the Gaussian fixed-point:
if a theory well approximated by a A\¢* action at low energies is to be nonperturbatively
renormalizable, it must be sitting on an RG trajectory which emanates, in the UV, from
some non-trivial fixed-point.> As it happens, such a scenario was ruled out in [18]).

In this paper, our aim is to apply this Wilsonian way of thinking to scalar field theory
on Rg. Again, we emphasise that our aim is not to apply the Wilsonian way of thinking to
the Grosse & Wulkenhaar model, per se. This would amount to putting the coach before
the horse! Rather, we want our flow equation to tell us which theories we should be looking
at, if we are interested in things which are renormalizable beyond perturbation theory. In
the process of doing this, we will discover a number of novelties. The first thing we find
is that fixed-points are no longer of any use to us! This is because independence of an
action® on A no longer implies a theory which is necessarily independent of the bare scale.
This is due to the presence of the dimensionful quantity €, from which we can construct
the dimensionless, A independent object

oA2.

However, as we will discuss further in section 3.2.1, this problem can be removed if, instead
of considering fixed-points, we instead look for floating-points: points which are indepen-
dent of the scale, up to dependence on

0

HA2. (1.22)

Having found a floating-point, the next thing to do — just as in the commutative case
— is to linearize the ERG equation about the floating point and find the eigenoperators,
O, and the associated RG eigenvalues. The RG eigenvalue of an operator determines
whether it is relevant or irrelevant (an operator may be marginal, in which case one must
go to higher order to determine whether it is marginally relevant or marginally irrelevant).
Here we encounter the second novelty, again due to the presence of #. In the vicinity of a

floating-point, with action S, we write the action as:’

S[el(t,0) = Si[](0) + Z 9i(t, 0) O[], (1.23)

where the g; are the couplings.

Now, it turns out that there exists a natural inner product on the space spanned by
the O; (we will define what we mean by natural in a moment). With this in mind, we
perform the trivial rewriting:

Se =S+ gi(t,0)0i]0;. (1.24)

3 Alternatively, in the constructive approach this is seen as follows. When sending the UV cutoff to oo
the bare coupling constant flows out of the circle of Borel summability of the perturbative series.

We assume that we are working in dimensionless variables — see section 3.

®The star, *, will be used to denote either floating-point or fixed-point quantities and has nothing to do
with the x-product.



The key point is that ||O;|| depends on 6. Thus, defining
9i = gil| O (1.25)

it is clear that, in general, the ¢; will have different dependence on A than the g;. This is
crucial when determining (ir)relevance: only when we use the couplings conjugate to the
O; do we obtain the correct results. (We emphasise that there is no analogue of this in the
commutative case, where any norm of the eigenoperators would be independent of scale,
and so uninteresting.)

At first sight, however, the inner product that we take is just one possible choice
and other choices will give different normalizations and hence a different classification of
(ir)relevance. But there is a constraint that we should place on the inner product to
do with reparametrization invariance [17, 19]. By analogy with the commutative case
we expect (and, indeed, will explicitly show in the Gaussian case in section 3.2.1) that
every floating-point belongs to a line of equivalent floating-points, related to each other
by a reparametrization of the field. A manifestation of this is the presence of an exactly
marginal (redundant) direction which takes us from one representative of the floating-point
to the rest.

We now demand that our inner product is such that the operator which maps us
between equivalent representations of our theory is exactly marginal, at all scales. However,
given the spectrum of operators at the Gaussian floating-point (which we calculate in
section 3.2.2) it is only at the Gaussian floating-point that we know precisely what this
operator is, without further calculation. It turns out that this operator does, indeed, come
out marginal with our initial guess at an inner product, but only in the large A-limit. That
it works in this limit is rather fortunate, since we are ultimately interesting in trajectories
which sink back into the Gaussian floating-point precisely as A — oo (these being the
noncommutative version of Wilson’s renormalized trajectories [13]).

Consequently, we have at our disposal an inner product which is useful only for classi-
fying perturbations of the Gaussian floating-point spawned in the large-A limit. With this
in mind, we assess (ir)relevance by looking at the behaviour of

Alifoloﬁi(tag) :iiiréogi(tﬁ)HOiH- (1.26)

In this way of looking at things, we are able to very easily recover the conclusion that,
at linear order, the relevant and marginal operators of the Gaussian floating-point are as
follows: the mass is relevant and both & and \ are marginal. That this comes about easily
is in fact an achievement. For example, the mass vertex can be written

M? .
T Z ¢mn¢klAmn;kla with Amn;kl: ml6nk-

m,n,k,l

But if this operator is relevant (as we would expect, by power counting), then why aren’t
operators with more complicated versions of A,,,.x; also relevant? In our picture, this is
because these more exotic terms have # dependent norms, which alters what we should
take as the coupling. A similar conclusion as to which operators are relevant/marginal



was obtained by Grosse & Wulkenhaar in [8], but we believe that our approach is much
more transparent.

As in the commutative case, to determine whether the marginal operators are really
relevant or irrelevant, we must go beyond leading order. Equivalently, for the Gaussian
floating-point, where the interesting question is the (ir)relevance of the four-point coupling,
5\, we can just perform a standard calculation of the S-function. This is done in section 3.2.3,
and we recover Grosse & Wulkenhaar’s result that, for the self-dual theory,

hm 8= hm ./\/ =0, at one loop. (1.27)

dJ\/

where N ~ 6 is a cutoff on the matrix indices (note the A and ) are the same in the large-A
limit). It is nice to see how their calculation can be done directly (and simply) within the
ERG and, indeed, it is obvious that our calculation can be mapped onto the earlier one.

The one loop result has been extended by Disertori et al. [20] to all orders in pertur-
bation theory:

d\ In N
Nd./\/' O<N2> , (1.28)
One then concludes that, perturbatively,
In N/ 1
_ v ~ !
AN) = A / W e < W (1.29)

Thus, perturbatively (to all orders), the flow of the coupling constant is finite. This, in
turn, is the traditional perturbative signature of asymptotic safety. Of course, it is quite
possible that the exact marginality of A can be violated by exponentially small terms,
such as e~/ 5‘, which are perturbatively (even at all orders) invisible. In this case, the
determination of whether or not the Gaussian floating-point supports asymptotically free
trajectories is, interestingly, a nonperturbative one. (We will discuss in a moment possible
consequences of the difference between A and \.)

Now let us consider how to interpret the result of Disertori et al. if it happens to
turn out that \ is exactly marginal. In a commutative theory, an exactly marginal (non-
redundant) direction would suggest a line of (inequivalent) fixed-points, connected to the
Gaussian one.% In other words, in the scenario that A\ were marginal (still in the commu-
tative setting), we would have a line of conformal field theories labelled by the strength of
A (of course, this is not realized in practise, since \ is already found not to be marginal at
one-loop).

In the noncommutative case, however, marginality of A does not necessarily imply a
line of inequivalent floating-points. The reason for this is that a marginal coupling is one
for which _

lim Aidgi(t’a)

= 1.
i A 0, (1.30)

5 Note that, within the ERG, one would have to compute the form of these fixed-points since a fixed-point
action, plus a marginal perturbation is only a fixed-point action at linear order in the perturbation. In the
absence of a better alternative, one could compute the non-trivial fixed-point action using a perturbation
series in the exactly marginal coupling.



whereas our criterion that a deformation of a floating-point is another floating point is

agz (ta 9)
A oA . =0. (1.31)
Before going any further, we should note that it is not currently clear whether the
presence of the limit in (1.30) is an artefact of our limited understanding of how to define
the couplings in the noncommutative theory, or a real effect. To recap: to properly define
the couplings requires that we have an appropriate norm and, at the moment, we only know
how to construct this in the large-A limit, in the vicinity of the Gaussian floating-point.
If we had a norm with a larger range of validity then we could, in principle, compute the
[B-function at all scales. Of course, this would not necessarily mean that any change would
need to be made to (1.30) — we might find that the S-function does, indeed, only vanish
in the large-A limit.
As we will see in section 3.2.2, the coupling conjugate to the operator O; takes the
form, to linear order in perturbations about the Gaussian floating-point,

3yl (t,8) ~ / ds 0;()e518° 05

where (; — 2s is an integer (the analogue of the RG eigenvalue) and «(s) is an integration
constant. For the coupling A, we will show that in the limit A — oo (i) the norm is
independent of scale (ii) at linear order in the perturbation away from the Gaussian floating-
point (; — 2s = 0, i.e. the coupling is marginal. The result of Disertori et al. (which we
reproduce at one-loop) means that we can extend this latter result to all loops. Let us now
return to considering what happens if this in fact holds nonperturbatively. By making the
choice aj(s) = d(s), we see that

Ah_lr)réo AZ—X =0, = /\lgréoA %ﬁ;‘g) = 0. (1.32)

This is certainly necessary for (1.31), but obviously not sufficient. This allows for the

following scenarios:

1. There exists a line of inequivalent floating-points which in the limit A — oo and
only in this limit can be obtained from the Gaussian one via the exactly marginal
deformation in the A direction. Away from this limit, the recipe for generating the
floating-points presumably becomes more complicated. In this case, the asymptotic
safety scenario of Disertori et al. holds exactly as originally proposed: perturbing the
Gaussian floating-point in the said direction in the UV essentially moves us along the
line of inequivalent floating-points whereas, for finite A, the various RG trajectories
flow away from their associated floating-point.

2. It turns out that (1.32) holds at all scales. From the perspective of the result of
Disertori et al. (and our own calculations) this seems unlikely, since the flow of A
only vanishes in the A — oo limit. However, it is conceivable that, were we to find

,10,



a norm that works at all scales, we might find that the flow of A — ie. the ‘right’
coupling — is actually zero at all scales (A and )\ are the same in the large-A limit but
could turn out to be different for finite A). If this turned out to be the case, then this
would mean that one could obtain a line of inequivalent floating-points by deforming
the Gaussian floating-point in the usual way at all scales. Then, the asymptotic safety
scenario of Disertori et al. would be replaced by a scenario in which there is still a
non-trivial, nonperturbatively renormalizable theory, but its only scale dependence
would be through 6. (If all this were in the context of a commutative theory, then
this option would correspond to having found a line of non-trivial conformal field
theories, whereas the above option would correspond to having found renormalizable
trajectories emanating from a line of conformal field theories.)

Let us conclude by saying that, even if A turns out to be nonperturbatively irrelevant,
this does not rule out some other asymptotic safety scenario. This would require some non-
trivial floating-point (which is not obtainable by a deformation of the Gaussian one, at any
scale) which supports a renormalized trajectory along which the action flows towards the
Gaussian theory in the IR. We leave the issues of whether non-trivial floating-points exist,
and the renormalized trajectories that they support, for the future.

The rest of this paper is arranged as follows. In section 2 we introduce the flow equation
that we will use, discuss the form of the effective action and describe the diagrammatics
we will employ to facilitate our computation of the g-function. Section 3 begins with a
review of Wilsonian renormalization in the commutative setting, in section 3.1. Following
this, we generalize the analysis to the noncommutative case in section 3.2, starting in
section 3.2.1 where we provide further details about floating-points. We begin section 3.2.2
by discussing the renormalized trajectories emanating from floating-points. With this
in mind, we classify the eigenperturbations of the Gaussian floating-point according to
whether they are relevant, irrelevant or marginal. Just as in the commutative case there is
a marginal four-point term at leading order in perturbations about the Gaussian floating-
point. Consequently, we go beyond leading order in section 3.2.3, where we present a
one-loop computation of the G-function and discuss how this maps on to existing results.

There are two substantial appendices. In appendix A we review the matrix base and
then discuss the general form of the Wilsonian effective action. Appendix B is devoted
to computing the norms of the eigenperturbations of the Gaussian floating-point, which is
instrumental in allowing us to correctly classify (ir)relevance.

2 The flow equation

2.1 The matrix Polchinski equation and variants

A crucial ingredient of the analysis by Grosse & Wulkenhaar [6-8] is a flow equation,
formulated in the matrix base. In this section, we will review this construction — which is
just the matrix version of the Polchinski equation [12] — and then describe a generalization
that puts the flow equation in a more convenient form for our subsequent discussion of
Wilsonian renormalization.
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The central element of any ERG equation is a UV cutoff, which suppresses modes
above the effective scale, A. This can be implemented by modifying the bare propagator
[i.e. the inverse of (1.20)] according to

, 0

= 5 bec(mn: D), 2.1
mmn;kl 4(2+m+n) l kc(mn ) ( )

where ¢ is an ultraviolet cutoff function, dying off rapidly if either m,n > 6, and for which
(0, 0; 5) = 1 (the reason for the prime, which does not serve to indicate that the propagator
has been regularized, will become clear shortly). One sensible choice for ¢, which we will
employ, is

c(m,n;0) = K(m/0)K(n/0), (2.2)

where the Ks are new UV cutoff functions. The cutoff function chosen by Grosse and
Wulkenhaar [8] fits into this class. The UV regularized propagator is often referred to as
an effective propagator.

Mirroring the modification of the propagator, we also modify the kinetic term, such
that it is now the inverse of the effective propagator:

S = %qﬁ AL, (2.3)

To formulate the flow equation, it is convenient to split the full action into the kinetic
term and an interaction piece, and so we write

S = S[¢] + S™]¢)], (2.4)

where we point out that our definition of the action is such that it includes the volume
factor vy.

Note that we are free to include two-point vertices in S and so, although the effective
propagator looks like it corresponds to a massless theory at the self-dual point, this is not
necessarily true of the full theory. In other words, the splitting between A’~! and the
two-point part of S is down to choice, with (2.1) being particularly convenient.

Up to a vacuum energy term, which is uninteresting for the current purposes, the
matrix version of the Polchinski equation reads

1 <as Y az>7 25)

B R P P

where the partial derivative is performed at constant field. The ERG kernel, A, is given
by the flow of the effective propagator:

. dX
X = _Aﬂ’ (2.6)
and we define
Y»=5-25. (2.7)

- 12 —



By direct substitution of (2.7) into (2.5), and by using (2.6) and (2.3), it is easy to
check that (up to the aforementioned vacuum term) the flow equation can be written just

in terms of S, as in Polchinski’s original formulation:

1 8sint . asint o X asint
_ A 1nt . X A/ . . A/ X )
oS (% &% 5% %)

21/4
This equation is essentially the same as the one in [8], differing only because we have

(2.8)

chosen to incorporate the volume factor in the action. The two terms on the right-hand
side of (2.5) or (2.8) are often called the classical and quantum terms, respectively.

To uncover the noncommutative analogue of fixed-points (i.e. floating-points), it is
convenient to rescale to dimensionless variables:

¢ — ¢V ZA, (2.9)

where Z is the field strength renormalization, and the single power of A takes care of
the canonical dimension of the field which, just as for a commutative scalar field in four
dimensions, is unity. Unfortunately, this rescaling introduces an annoying factor of 1/Z on
the right-hand side of the flow equation. To get rid of these factors, we exploit the huge
freedom in formulating ERGs, present as a consequence of the corresponding freedom in
the way in which high energy modes are integrated out.

General ERGs are defined according to [19, 21]:

— Aoy S =37 % (\pmn [ple=S M) . (2.10)

The total derivative on the right-hand side ensures that the partition function Z = [ D¢ e S
is invariant under the flow — a fundamental ingredient of any ERG equation. The func-
tional, ¥, parametrizes (the matrix version of) a general Kadanoff blocking procedure [22]
and so there is considerable choice in its precise from. We will focus on those blockings

for which
= — E ARew 2.11
mn;kl ¢ 5¢kl ( )

which clearly reproduces the Polchinski equation, if we identify A" with A’.
However, rather than making this identification, we choose A"% = ZA since now the
ERG equation after the rescaling (2.9) is:
2 1 /oS . 90X 0 . 0%
(o020 D)5 L (354080 4 05)
o 2X4 \ 09 o 09 o
where, as before, t = In u/A is the RG-time and we have defined
X4 = 47%0. (2.13)
The reason that ¥, appears, and not 7y = v4A? is that we have cancelled out the overall

power of # in A [see (2.1)]. Consequently, we take the unprimed A to be given by

1

P —— :6). 2.14
4(2 T+t n) 5ml5nkc(mana 0) ( )

Amn;lcl =
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As usual, 7 is the anomalous dimension of the field, defined by
dlnZ
dA
The flow equation (2.12) is the matrix version of the one first written down by Ball et
al. [23].
As an aside, we note that the freedom in ¥ means that we could, if we wished, furnish

n=A

(2.15)

S [¢] with interactions. Such an action, which partially parametrizes the residual blocking
freedom left over, given the choices (2.11) and (2.7) is called the ‘seed action’ [24] (the rest
of the blocking freedom is encoded in our choice of cutoff function). There is little point in
introducing a general seed action here, because this makes the flow equation unnecessarily
complicated; however, it should be borne in mind that this is necessary when constructing
Polchinski-like flow equations for gauge theories [25, 26].

Before moving on, we will introduce one other version of the flow equation which will
be particularly convenient for computing the [-function. This can be directly obtained
from the last flow equation by a change of variables. Rather than rescaling the field by the
full scaling dimension, as in (2.9), we remove only the anomalous part and then perform
an additional rescaling using the four-point coupling, A. Thus (2.9) is replaced with

6 — oVZ/VA (2.16)

This rescaling with the coupling ensures that 1/ A now appears in front of the action and
so the expansion in terms of )\ coincides with the expansion in A. The flow equation reads:

(-a0s+ 30 ) sl =5 (G54 52 - -4 53), )

9 2x4 \ 99 99 06 ~ 0%
where
25 = A(S - 29), (2.18)
_,_B
Y=n-T (2.19)

2.2 The effective action

Let us now return to the question of what constraints we place on the actions which
populate theory space. First, we choose to consider only those actions which are invariant
under ¢ — —¢. To understand the other constraint, it is useful to turn back to the
commutative theory, for means of comparison.

As mentioned in the introduction, we demand that actions in the commutative the-
ory are ‘quasi-local’ [27] meaning that they can be expanded to all orders in powers of
derivatives, equivalently powers of momenta. In order that this property is preserved by
the flow (at least for A > 0) we simply need to choose a quasi-local cutoff function. It will
be instructive, for when we go back to the noncommutative case, to see how this ensures
that quasi-locality is preserved along the flow, in position space. To this end, consider a
derivative expansion of the two-point action:

Sy — /d4:c B¢2(;ﬂ)+a¢(;ﬂ)a2¢(;ﬂ)+... , (2.20)
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and now consider the effect of the classical term in the flow equation when acting on this:

852pt
d¢

where the ellipsis denotes terms coming from the higher derivative pieces of Sapi. If we

A 822“ :/d4$ /d4y¢(w)A(w,y)¢(y)+..., (2.21)

now expand

99

Max“ ey

o(y) = ¢(z) + (y — )

and similarly with A(z,y), we see that the right-hand side of (2.21) can be rewritten in the
form of (2.20). The presence of the cutoff function in the kernel A(z,y) is crucial, since it
is this that renders the definite integral over y finite. Indeed, it is clear that

Jateota) [ayow)

cannot be rewritten in the form (2.21). But, if we do not include terms like this at the
start, they are never generated.

Let us now return to the noncommutative case. In the x-basis, we might expect that
an effective action can be written in terms of a single integral, but where now we allow
fields to be hit by star multiplications with z,,:

Seff = /d4x [Aogb * ¢+ Agpx Ty TH % ¢+ Ay * Ty * ¢ x " + more two-point terms
+Bgp x ¢ x ¢ * ¢ + more four-point terms + higher-point terms

In the matrix base, this translates into effective actions built from a single trace con-
taining ¢,,,s and ()2' u) S- Now, in direct analogy with the commutative case, so long as
we choose a kernel A,,,,.;; that can be expanded in terms of X;s, and so long as this kernel
properly incorporates a cutoff function, then the single trace structure is preserved. Of
course, this single trace structure will not necessarily be manifest — just as the expres-
sion on the right-hand side of (2.21) is not manifestly a single integral term; but all terms
apparently containing two or more traces can be rewritten as single integral terms.

In appendix A.2 we show both that single trace terms built out of ¢,,,s and (Xﬂ)kls
provide a good basis and that there is no problem building A,,,.1; out of Xs.

2.3 Diagrammatics

Expanding the Wilsonian effective action in powers of the field, the flow equation has a
natural diagrammatic interpretation, consisting of ribbon graphs. To see how this comes
about, we first introduce a diagrammatic expansion for the action:

n2||msa n3||ms

1 1 MRJW

S - §¢m1n1 ¢m2n2 S + $¢m1n1 ¢m2n2¢m3n3¢m4n4 ,,KHSWQ + ... (222)
m miliniy

1iny
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There are a number of points to make about these diagrams. First, the lobes — inside each
of which we have written S — are just there for convenience, since it provides a nice place
to put labels. (For example, if we wanted to write down a diagrammatic expansion for the
seed action, we could replace the S above with S .) Thus, once can obtain more familiar-
looking diagrams by shrinking the lobes down to a point. Secondly, at this stage, the
only expansion that has been performed is the one about vanishing field; in particular, no
perturbative expansion of the vertices has been performed. Indeed, if one now substitutes
the diagrammatic expansion (2.22) into the flow equation, then one can write down an
infinite tower of coupled equations for the vertices. Whilst one can certainly solve this
tower perturbatively, order by order — as we will do later — the full solution to these
equations contains nonpertubative information, too.

The presence of the lobes will prove particularly useful when we come to do pertur-
bation theory. As a result of our rescaling of the field with 1/ \/X, the action has the
perturbative expansion

S~y AL (2.23)
=0

Thus we write the perturbative expansion of the M-point vertex as:

3 Wilsonian renormalization

The reason for performing the rescaling to dimensionless variables using A (rather than 6)
is to enable us to define nonperturbatively renormalizable theories, in a particularly simple
way. By renormalizable in the nonperturbative sense, we mean the following: having
integrated out degrees of freedom between the bare scale and the effective scale we want
to know if there are any theories for which the limit

lim Sh A, (9]

Ag—o0

can be safely taken in the sense that any divergences can be absorbed into a finite number
of parameters. To understand which theories satisfy this criterion, we will first review the
Wilsonian picture of renormalization in commutative theories.

3.1 Commutative theories

In the commutative setting, as discussed in the introduction, one class of theories which are
nonperturbatively renormalizable are conformal field theories: since they are, by definition,
scale independent, they are trivially independent of Ay which can thus clearly be sent to
infinity without any difficulty. From the perspective of the ERG, conformal theories follow
simply from fized-points:

O Silp] = 0. (3.1)
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The point of the rescalings is that, by measuring all dimensionful quantities in terms of A
(momenta, too, should be rescaled), independence of A (equivalently ¢) implies indepen-
dence of all scales.

Once the critical fixed-points have been identified in a commutative field theory, scale
dependent renormalizable theories can be found by considering the aptly named ‘renor-
malized trajectories’ emanating from the fixed-points [13]. These correspond to perturbing
the fixed-point action in the directions relevant with respect to this fixed-point. Assuming
for the sake of simplicity that there are no marginally relevant operators,” the boundary

condition for such a trajectory is [17]:

A—o0

lim Si[¢] = Sule] + > e O, (3.2)
=1

where the sum is over the n relevant directions, spanned by the operators O;, the «; are
constants, and the \; > 0 are the RG eigenvalues.® The renormalized couplings, g;, (which

include the rescaled mass, if appropriate) are conjugate to the operators, in the sense that
lim g; ~ azeil. (3.3)
A—oo

It is straightforward to demonstrate the renormalizability of such trajectories by noting
that, at the effective scale, dependence on A and «; can be traded for the renormalized
couplings and anomalous dimension (see [17] for a very simple proof):

Stlel(ei) = Slel(gi(t), n(t))- (3-4)

The right-hand side side of this equation is in so-called ‘self-similar form’ meaning that
all scale dependence occurs only through the renormalized couplings and anomalous di-
mension. In particular, there is no explicit dependence on A/Ag, and so the theory
is renormalizable.

In four dimensions it is worth pausing in order to understand how to reconcile the
lack of self-similar trajectories, and hence the triviality of the theory, with perturbative
renormalizability of Ap? theory. Perturbatively, it is true that one can write down a self-
similar action in terms of m(t), A(t) and n(t). However, the various perturbative series are
ill-defined, as a consequence of ultraviolet renormalons. To rectify this problem necessitates
the presence of terms depending on A/Ag; a new scale has been introduced, and so self-
similarity is destroyed.

In a different way of looking at things, these renormalons can be eliminated by passing
to the “effective expansion”. This effective expansion is written not in terms of only one
coupling constant but in terms of an entire series of effective coupling constants associated
to a ladder of intermediate scales between Ay and the IR. Although the new series does not
possess renormalons it violates self-similarity due to the presence of the said intermediate
scales (for a detailed introduction in multiscale analysis and the effective expansion see [28]).

"Marginally relevant operators can be included by adding terms which, as A — oo, sink back into the
fixed-point only as a power of ¢ (i.e. logarithmically with A).
8\ without an index a coupling, not to be confused with the RG-eigenvalues, ;.
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3.2 Noncommutative theories

3.2.1 Floating-points

As discussed in section 1.2, rather than searching for fixed-points to classify nonperturba-

tively renormalizable theories, we instead consider floating-points defined according to

at|¢,§ Si[¢] =0, (3.5)

(we henceforth take * to exclusively denote floating-points). This criterion clearly excludes
dependence on #A2, since

¥

F .

As a straightforward example of this, let us confirm that what we might have called

OA2 =0

the Gaussian fixed-point is, when written in the matrix base using rescaled variables, the

Gaussian floating-point:
- ~1

vy —1 vy A

—¢- AT —¢——- 3.6

Lo At g— o S, (3.)
where the arrow indicates the rescaling (2.9) (with, of course, Z = 1). Clearly, the action
does not satisfy the fixed-point condition, since 9| 9 #0 (this is true even before rescaling,
as a consequence of the A buried in the cutoff function), but it does satisfy (3.5).

Before moving on, it is worth pointing out that there is in fact not a single Gaus-

sian floating-point but a line of equivalent floating-points, each linked to the rest by a
reparametrization of the field (this is analogous to the commutative case [17]). This can

be straightforwardly checked by substituting the ansétz
int _1 )

into (2.12) (with 7, = 0), upon which it is found that the general Gaussian floating-point
solution takes the form

S*:%¢-(11—W*1-A)*1-A*1-¢,

where W is independent of 6, and arises as an integration constant.
The floating-points equivalent to S™ = 0 are those for which can write

1 .
S* - 5 Z (bmnan;kl(bkh with an;kl - [4(2 +m + n) + .. -]5ml5nk7

m,n,k,l

where the ellipsis denotes terms higher order in the indices m and n. In other words, if
the only effect of W is only to modify the non-universal part of the two-point function
corresponding to the (inverse) cutoff function, then we are dealing with a floating-point
equivalent to the one with S = 0. Contrariwise, if the effect of W is to produce an action
which is, say, away from the self-dual theory, then this floating-point is not equivalent to
the one we are interested in.
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3.2.2 Renormalized trajectories

Now that we have found the noncommutative analogue of fixed-points, we should attempt
to define the associated renormalized trajectories. This requires that we understand what
we mean by (ir)relevant operators in the noncommutative context and we shall start by
using the Gaussian floating-point as a test case.

As it happens, there is a major subtlety in the matrix base that is perfectly illustrated
by perturbing the Gaussian floating-point by a mass:

_ B B 2
St:%(qﬁ-XM-X“-qﬁJr%(b'(bJr...), (3.7)

where the ellipsis represents the regulator contributions, which we do not need for
this argument.

Now, at first sight, the mass is relevant (as should be expected) since, taking A — oo,
the action sinks back into the floating-point solution. It is very important to note that
we do not hold # constant when taking this limit: # is only held constant for the purpose
of finding floating-points; once found, we are interested in how perturbations evolve with
a change of scale without any constraints. However, we know from (1.21) that buried in
each X isa 1 / V0. From this perspective, the behaviour of the kinetic term and the mass
term are the same as we take the limit A — oo, suggesting that the mass is only marginal.
This conclusion, were it to hold true, would be very surprising. We will see below how to
resolve this conundrum.

To classify the eigenperturbations, we perturb the floating-point action:

Stlel(0) = S.[6)(0) + T[¢] (9) (3.8)

where, in what follows, we will consider T" to be small.
Our aim is to substitute (3.8) into the flow equation and to start by working at linear
order in T'. To make life easier, we will anticipate the form of T" at this order and so write

T;[¢](0) ~ 7y Za ec’th [9](0), (3.9)

where the sum over 7 is over all operators. In fact, as it stands, the sum over i is counting
separately identical operators multiplied by different powers of 6; we will rectify this below.
We now substitute (3.8) into our flow equation (2.12), utilizing (3.9), and linearize:

(gi—4—2§ag+¢ %)QZ_ %%.A%%. (3.10)
Defining
;L 1 0
Q; = exp <ﬁa_¢ 6¢> Qi, (3.11)
we see that (3.10) implies:
(g — 2005+ ¢ - a¢> Q) =0, (3.12)
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where we have used

1 0 1 0 0

. _ -9 A2
2,00 <z>"f’ ¢ = %06 % 90

We will suppose that the physically interesting solutions to (3.12) are those for which Q
is a homogenous polynomial in ¢. Recalling from section 2.2 that we can take the Q) to
be single trace terms built out of Xs and ¢s we write

() H1 XM .
Q o Q p1a1b1,...,pi2gagebag;cida,.. 7CIdIX(11b1 angzg ¢Cld1 gchdJ’ (3 13)
(w,6) '
- ‘9 Uminy-—mynyPming =" (ﬁmﬂwv

where the label, 4, includes the following:
1. the number of fields, J, which we take to be a positive (even) integer;
2. the number of X S, which we denote by 2¢;

3. the number of powers of 8 in addition to the —¢ associated with the 2¢ Xs, which
we denote by s;

4. an additional index, w, which runs over the number of independent operators built
out of the above ingredients.

Substituting into (3.12) yields
G—2(s=¢&) =4—n. (3.14)

We now observe an obvious but crucial point: operators Q with different 0 dependence
but with the same number of Xs and the same number of ¢s, tied together in the same
way, are the same operator. To illustrate this, consider the following contributions to the

¢ - ¢ term: . .
c
§a¢-¢, §5¢'¢a""

The point is that we define” the mass squared to be the total coupling in front of the 1/2¢-¢
term. Thus, if both the above terms were present, we would define the (dimensionless) mass
to be M2 = a + ¢/9.

Consequently, we rewrite (3.13) as

Q; =60;, (3.15)

where j stands for just the triplet (J,&, @), and the (’);» depend on € only via instances of
X. From this, it follows that we can rewrite (3.8) as

6] = S.[0] 471 Y. [dsay(s)e7 00, (3.10)

9Actually, there is a different definition of the mass available, as we will discuss shortly, but this is
neither here nor there for this discussion.
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where (3.14) is understood and

1 0 0

O, = - A )O. 3.17

’ exP( 2%, 00 a¢> / 47

At this stage, it is very tempting to identify the couplings of the operators, in the
vicinity of the Gaussian floating-point, according to:

4510 (¢,) ~ / ds a;(5)e97".

However, this is not quite correct, as we now explain [indeed, one can check using (3.14)
that, with this identification, we find e.g. that the mass is marginal].

Let us begin by taking a step back. We wish to consider flows in the vicinity of the
Gaussian floating-point, and we know that such flows are spanned by the O;. Now, given
some generic action, one question we will want to ask is how this action decomposes onto
the O;. Clearly, the result of this depends on the norm (to be defined below) of the O;.
Constant contributions to the norm are neither here nor there: it is a matter of convention
whether we place these constants in the operators or their couplings. However, we will find
that, in general, the norm also has components which depend on @, and these are crucial.
Defining @j such that they have constant norm, we can rewrite (3.16) as

5i6] = .16+ 71 Y, [ dsas(9)e5 50,100 (318
J
where we should identify the couplings in the vicinity of the floating-point as
3510)(6,9) ~ / ds a;(5)e57° |0, . (3.19)

Clearly, § dependence of the norm affects the A dependence of the couplings.
We will define a norm by recognizing from (3.17) that the Os are somewhat reminiscent
of Hermite polynomials. Thus, we tentatively define an inner product according to:

(a,b) =

(3.20)

with the norm given by
lall = V/{a,a). (3.21)

As we will see in a moment, this definition of the inner product will have to be tweaked,
but it is a good place to start.

Let us now investigate the inner product between a pair of Os both with J = 2. Making
the J, £ and w represented by j manifest, and using (3.17), we have:

(@) _ IR AN WVICCXS
037 = exp ( 5%, 90 A 8(;5) O il Pmn®ki (3.22)
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and so

w w Amn
O =uy, <¢mn¢kz -— kl) : (3.23)
X4
It directly follows that!©
w ! & 1 vl 1 el
<O§ 76), Og € )> _ _u( 7£)u(w € ) (Amn;yzAk‘l;w$ + Amn;wakl;yz) . (324)

- yi mnkl “yzwz

Taking (’)gK) to be the self-dual kinetic operator we have:

(K) Z(m +n+ 2)

WUkl = 6nk6mla (325)
from which it follows that
1 _
108912 = ——— 3 e(m!,nt,m? 2 0). (3.26)
2(277)49 mlnl m?2n?

Immediately, we see that the result of the sum will depend on A.

We will now place the additional requirement on our inner product that the redundant
operator corresponding to reparametrizations of the field that maps us between equivalent
realizations of our theory comes out as exactly marginal, at all scales. (We have already
seen an example of such equivalent realizations, when we discussed the line of equivalent
Gaussian floating-points in section 3.2.1.) However, it is only at the Gaussian floating-point
that we already know what this operator is (away from here, we would have to compute
it), and here it is just O®) | Momentarily shutting our eyes, let us go ahead and evaluate
||(9§K) || in the large-A limit. To leading order in A we can replace each sum with an integral
and remove the cutoff functions by taking the upper limits of the integrals to be . Thus
we find that

1 6
— / dm'dm?dntdn? =
2(2m)%0" Jo

1

. K)p2 _
A |03 = 3274

(3.27)

Therefore, the kinetic operator, with the s from the X s included has constant norm in the
large-A limit. Moreover, the associated coupling is

A—o0

lim §®) ~ / ds a®) (5)e™1g° (3.28)

But, using (3.14), and noting that £ = 1, we see that ¢K) — 25 = 0. Therefore, the overall
A dependence vanishes and so we see that the kinetic operator is marginal.

Consequently, we can use our inner product so long as we compute both sides in the
limit A — oo, and only ask questions of trajectories which sink into the Gaussian fixed-

point, in this limit. Fortunately, this is precisely the scenario we are interested in!

OWhilst Os with different values of J are orthogonal, we do not find that e.g. the mass operator and the
kinetic operator are orthogonal. Of course, we could construct an orthogonal basis, but there is no need to
do so.
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Thus, for perturbations of the floating-point action, understood to be spawned at
A — oo, we can take the following inner product:

/ nge*%d"A_l'(bab

e = o =
Next let us look at the mass!! operator:
uM) kG- (3.30)
From this we find that
100D = 1 Z c(mt,nt,m?,n%0) (3.31)

16X3 (2+m! +nl +m?4n?)?

mlnl m?2n?

Employing the same methodology as before (this is done in detail in appendix B) to pick
out the leading behaviour in the A — oo limit, we find that

lim |OM)]| ~ const. (3.32)
A—oo

Note that, whilst one would naively expect the leading behaviour to go like Inf, these
contributions miraculously cancel out.

Consequently, we identify the (dimensionless) mass squared as:

lim §M) ~ / ds o) (5)es"tg° (3.33)

A—o0

Using (3.14), we see that

1
lim M) ~ —
Aae? A2’

and so the mass is relevant — as it should be — with RG eigenvalue +2.

(3.34)

The above results pertaining to the kinetic operator and the mass operator lead us to
suspect that: operators built out of X's — with the associated s included — have constant
norm, with respect to the inner product (3.29), in the limit of large A. This is actually
highly non-trivial, due to the possible appearance of terms proportional to In . However,
just as they cancel out for the mass term, so we have proven in appendix B that they
cancel out for all marginal terms as well as certain families of irrelevant terms. In fact, it
is likely that they cancel out in complete generality, but we have not completed the proof
of this. Until this is proven, it is possible that certain irrelevant couplings in fact should
come with additional In# factors. However, even if such terms do turn out to be present
(which we doubt), this will not change the classification of any of the operators.

11 Note that we can define the mass in two ways: either as the coefficient in front of O™ or as the
coefficient in front of all ¢ - ¢ terms in the action. This latter definition will pick up contributions from the
other Os.
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We are now in a position to classify the (ir)relevance of the various couplings. Let us
recall (3.14):

G—2(s—¢§=4-n.

By inspection of (3.19), we deduce that relevant or marginal couplings satisfy the constraint
A= —25s>0 = 4>n+2¢. (3.35)

Note that the A; are the noncommutative analogue of the RG-eigenvalues. From (3.35),
we directly uncover the expected result that, at the Gaussian floating-point, the mass
squared (n = 2, £ = 0) is relevant; the kinetic term (n = 2, £ = 1) is marginal (though
this something we have required, rather than an independent result); the deviation of the
harmonic oscillator coupling from the self-dual point, w, (n = 2, £ = 1) is marginal; the
four-point tr ¢* coupling (n = 4,¢ = 0) is marginal; all other couplings are irrelevant.

Let us comment that this analysis would be spoilt by the inclusion of multi-trace terms.
But, as argued in section 2.2, these can be consistently excluded for the theories we are
interested in.

3.2.3 Beyond leading order

The final task is to determine whether the marginal couplings are marginally relevant or
marginally irrelevant. Actually, we will just ask this question of A — which amounts to
performing a calculation of the S-function — since the computation will make it apparent
that we can directly use earlier results [29]. Rather than persisting with writing the action
in the eigenoperator basis, we will perform the computation in a more standard way by
identifying 5\/4! as the coupling in front of the total ¢-¢-¢- ¢ contribution to the action (at
least in the large-A limit, where we know how to compute operator norms). This definition
of A will, in general, differ from the one where we take it to be the coefficient in front of oW,
However, the definitions coincide when there are no other operators with four-point pieces
which contribute to the action. This is, crucially, precisely the situation we are interested
in since we are looking for trajectories which, in the limit A — oo, approach the Gaussian
floating-point along the O™ direction. This definition of the coupling is both technically
easier to work with and also allows our calculation to be transparently compared with
existing work. Indeed, it will become immediately apparent that our one-loop calculation
can be mapped on to the one performed by Grosse & Wulkenhaar in [29]. With this in
mind, we note that Grosse & Wulkenhaar found that the -function is positive (in a limit
to be described below), unless the theory is at the self-dual point, whereupon it vanishes.
For the sake of simplicity, then, we will directly compute at the self-dual point, since it is
for this theory that we stand the best chance of evading triviality.

What we would like to achieve with our calculation is a computation of the flow of
A for an action which is, to very good approximation, the Grosse & Wulkenhaar action
at the bare scale. In such a computation (as we will see below), we must be careful that
there are no hidden running couplings (equivalently, additional scales). But this is actually
guaranteed, at least within perturbation theory. The point is that the Grosse & Wulkenhaar
action is perturbatively renormalizable [8]. One way of rephrasing this is to say that all
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dependence of the action on the effective scale'? occurs only through X(t,?) [and, should
we take a massive theory, on m(t,0)], and 6. Thus, at the perturbative level, we have
a self-similar action: there are no hidden scales! As mentioned in section 3.1, beyond
perturbation theory self-similarity is violated by the presence of UV renormalons.

To compute the g-function, we define [18]

— = _ig 3 _Sint[¢]
v4D[¢] = In [exp < 5x1 90 A 0¢> e . (3.36)
Substituting this into the flow equation (2.17) we obtain:
v, B 0 v, B\ 1 1
A T2 e L= (2+2) 2p AL .
[ 3A+<2+)\>¢ 6¢} ? <A+A2> %" ’ (337

Defining the field expansion of D similarly to that of the action

v4D[p] = % glnlmgng(ﬁmm1 Pmgny + Epr(élnlmgngmgngm4n4¢m1n1¢mwg Pmang Pmang + -+,
(3.38)
we need to look at the two-point and four-point flows in order to derive a pair of coupled
equations for 3 and . If we do this at the two-point level, then the leading (i.e. classical)
contribution to the action comes from S : in other words, the two-point pieces of St —
out of which D is built — start at one-loop. Suppressing indices, we therefore write the

perturbative expansion of D@ as

1
51)53’ =0, (3.39)

1@ _ 1 (gt L |8 Q 4 GD 3.40
PP =\ o w (0 a0 (3.40)
7N

At the two-point level, where there is a difference between S and S™, we have explicitly
indicated that we are taking contributions only from S, as the definition of D instructs us.

Introducing the perturbative expansions of # and ~ according to
B NG, oy~ Ny (3.41)
i=1 i=1

and substituting these expansions and our diagrammatic expressions into (3.38), we

find that
A 1272 | 0O 5\ 0) | =+ 8= '
7N

12 Assuming we were to work in dimensionless units by scaling the canonical dimension out of the field,

in the usual way.
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Now, to convert this expression into an equation relating (1 and ~; requires that we
specify a renormalization condition. Since we have removed the field strength renormal-
ization from the propagator, by means of a field rescaling, we can demand that the kinetic
term is canonically normalized. Recalling that

A~ 1

mn;kl —

= 4(2 4 m + n)0midnk,

we can insist that the part of S;f;n .z linear in the indices vanishes. Therefore, if we spe-
cialize (3.42) to the piece linear in the indices, then the first term on the left-hand side can
be discarded.

As for the next two diagrams, the first observation we make is that, at the classical level,
the only four-point vertex we have is the one corresponding to 1/4!Tr ¢*, with coefficient
unity. Being as we are interested in the large A limit, it will turn out that we can discard
the non-planar term (we could appeal directly to Grosse & Wulkenhaar’s power counting [8]
to implement this, but it is easy and instructive to see it directly). First, let us focus on
the planar term, in the large A limit:

. 1
A A(n+m)(n +B) = -5 5 |

1
Z 3 (A(m,p) + A(n,p)) + non—planar] ,
p m,n

(3.43)
where the overall subscript m, n indicates that we are interested in the component linear in
either m or n. This is given by the next-to-leading term in the discrete Taylor expansion
about vanishing m and n:

. 1
A (45 = —gers Jim A0

E:(A(Lp)—wﬁﬂlpnl. (3.44)

P

Writing

_KUDKGA) _ K0 | o0 _ K/f)
T T R N )

it is easy to perform the sum over p = {p', p?} in the large A limit. First, replace the
sums by integrals with upper limit co. Then recognize that, to leading order in 1/6, we
can throw away the cutoff function K(p/#), so long as the upper limits are reduced to 6:

0 1 1
lim Adp / dp'dp? <— — —> + non-planar| (3.45)
0

Am (14 B) = =5 Jim

3+p 2+4p

Now, the point about the non-planar term is that, although we expect it to contribute to
the right-hand side (see the discussion about multi-trace terms in section 2.2), it is sub-
leading in 6, and hence vanishes in the large A limit. This can be traced to the fact that
there are no integrals to be done in the non-planar case since there are no closed paths in
the diagrams which do not hit an external line. Finally, then, we obtain:

1

Aim (1 +61) = 1022 (3.46)
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To obtain a second equation relating (1 and i, we repeat this procedure at the four-
point level where we have:

DY = :AHORH: , (3.47)

N\

NI Oy =

0 + non-planar diagrams.  (3.48)

(4) _ B b
b _HF 1272 - 50 /7/\$

77N

The second renormalization condition is that, ignoring the 1/ A in front of the whole
action, the full coefficient of the 1/4!Tr ¢* term is unity in the A — oo limit. This statement
is precisely equivalent to saying that, had we not scaled \/X out of the field, s simply
defined to be the coefficient in front of 1/4!Tr ¢* in the large-A limit. Thus, we can discard
the first term on the right-hand side of (3.48). It is worth pointing out that this is where
the renormalization conditions for X and A differ: had we rescaled the field in (2.16) using
A and not A, then our renormalization condition for the former would just be that the full
coefficient of the 1/4!Tr ¢* term is unity at all scales.

Substituting these diagrammatic expressions into (3.38), and remembering the 1/ A in
1 .
D ~ XDO + D1 +0(N),

yields:

_|_

ﬁ 0 + non-planar diagrams|
7r
0 7ay

O
O
=N

-G +4<%+ﬁ1> = A0y

(3.49)
where the overall subscript 0 instructs us to work to zeroth order in the external indices.
Taking the large A limit yields:

1
0672

(2 +361) = 7 L tim A0, S A0,)A(0, ) =

o2 A a (3.50)

lim
A—oo

where we have anticipated that only the first diagrams survives the limit (we will justify
this in a moment). Solving (3.46) and (3.50) we find that:!?

A= qgee m =0 (3:51)

13At first sight, our value for 41 disagrees with the one found by Grosse & Wulkenhaar in [29]. This
discrepancy arises because in [29], v = N'dIn Z/dN, where N ~ 0 and Z = +/Z. Thus, we should find that
Ya+w = n1/4 = v1/4, as indeed we do. Note that 71 and 1 are equal only because (31 vanishes [see (2.19)].

,27,



To finish the computation, we must explain why only the first diagram in (3.49) survives
in the large A-limit. Clearly, the non-planar versions of the first diagram are sub-leading,
and so can be discarded. What about the diagram involving the six-point vertex? We
cannot throw this term away on the basis that there is no classical six-point vertex, since
the flow equation (2.17) yields:

— Ay > Of% o — A (3.52)

where the dot on the line joining the two vertices on the right-hand side indicates A, as
opposed to A. (Note, though, that there is no way to generate classical four-point functions
unless they already exist.) Now, the effect of this dot, acting on the cutoff functions, is
to produce a 1/0. Thus we find that the six-point vertex has a piece which goes like 1/A?
as we could have deduced directly, from dimensional arguments. However, the six-point
vertex also has a piece coming from the integration constant. Given our assumption of self-
similarity, this can only go like 6 x const. Since we are interested in finding renormalized
trajectories — for which the action flows into the Gaussian floating-point as A — co — we
set the constant to zero.

Already, this tells us that the non-planar diagrams involving the six-point vertex van-
ish, since they go like
lim A@A% =0.

A—o0

As for the planar diagram, this has the structure

g
lim 20

lim Aodj ~ ] 7

A—o0

So, at one-loop, the coupling A remains marginal (for the self-dual theory); as proven
in [20], this remains true to all orders in perturbation theory. Thus, the question of
whether or not the Gaussian floating-point supports non-trivial renormalized trajectories
is a nonperturbative one, since the exact marginality of \ can in principle be be violated,
one way or the other, by exponentially small terms of the form e~%/*. Should the coupling
remain exactly marginal then, as discussed extensively around (1.30) — we expect there
to exist a line of inequivalent floating-points, connected in one way or another to the
Gaussian one.

Irrespective of this possibility, let us now ask the question: could we make sense of a
trajectory which, from the start, is only specified to pass close to the Gaussian theory, on
its journey into the IR (for example if A turns out to be nonperturbatively irrelevant)?

The key point is that, with nothing more than this information about the trajectory, we
no longer have any justification in assuming self-similarity (had we found a renormalized
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trajectory emanating from the Gaussian floating-point, self-similarity would have been
justified post hoc). This would mean that the integration constant for the six-point vertex
could have a piece which goes like 1/ A%. We would now find that the g-function is corrected
by terms which go like A%/A2. At first sight, we could remove these terms by sending the
bare scale to infinity (before doing likewise with A). However, for this to be a well-defined
procedure, it would need to be proven that the remaining perturbative series for the -
function, the anomalous dimension and indeed all Wilsonian effective action vertices can
be unambiguously resummed.!* To restate what happens in the commutative case: it is
precisely this resummation which cannot be performed; the A2/ A% terms, whose presence
can be traced to UV renormalons, must be retained, which violates self-similarity and
destroys (nonperturbative) renormalizability.

A way out of this would be, by now needless to say, if a non-trivial floating point exists,
which supports a renormalized trajectory that flows towards the Gaussian floating-point.
Note that finding such solutions is not expected to be easy: it would involve solving the
flow equation (2.12), subject to the floating-point criterion (3.5), and then showing that
useful trajectories emanate from the putative floating-point.
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A  The matrix base

In this appendix, we review the matrix base in D = 2 (following appendix A of [6] which,
in turn, is drawn from [15]) and then construct a basis for the effective action. Since the
D = 4 matrix base is built out of two copies of the D = 2 base, these results carry over
essentially directly to the case of interest.

A.1 Constructing the base

There are two key ingredients to the matrix base. The first of these is the creation and
annihilation operators, defined according to

1 1
a=—=(z1 + iz2), a=—=(z1 —iza), (A1)

V2 2

0 1 . 0 1 .
% = E(al — ’Lag), % = E(al + 282). (A2)

1n the slightly different context of the multiscale analysis, the proof of resummability in one slice has

with

been given in [30].
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The creation and annihilations operators satisfy the canonical commutation relation

la,a], =0, (A.3)
where
[frgls=Frg—gxf, A9 [l=gxf+[*g (A.4)
Using (1.4), it is a simple matter to check the following relationships, for any f € RZ:
60 00
(ax (@) =a(@)f(@) + 300 @),  (Fra)(w) = a@)f@) ~ 5ot (@) (Asa)
00 60
@x @) =a@) @)~ 390 @), (J*a)@) = a@)f(@) + 5 o (x). (A5)
From these equations, we deduce the following:
a() (@) = glo, fhl@),  a)f(@) = 5o, /() (A.6a)
of 1. of . 1
V)= @), @) = gl o). (A.60)
These relationships imply that (with a = {1,2})
0 i
Fof @) = 5{Ea S1 @) —3 = i flu(0), (A7)

as we stated earlier in (1.15).

Consequently, the the Grosse & Wulkenhaar action (1.5) (which, in D = 4, contains
two copies of the matrix base for Rg) can be rewritten such that all pointwise products are
replaced by x-products, involving commutators or anticommutators with Z,.

Having discussed the creation and annihilation operators, we now introduce the second
key ingredient of the matrix base, the Gaussian

folz) = 2¢~ (@ +23) (A.8)

which is an idempotent:
(fox fo)(z) = fo(). (A.9)
When acted upon by the creation and annihilation operators, this function behaves as

follows, as can be checked by using (A.5a) and (A.5b):

a*™ x fo =2ma™ fo, foxa™™ =2"a" fo, (A.10)

where a* = ax -+ - xa (n factors) and similarly for a*™.

In turn [again using (A.5a) and (A.5b)], equation (A.10) implies that

Z%(m—1) >
a*d*m*foz{mea 0 *fo igi:;(l) (A.11a)
*(n—l) >
foxa®x = { nbfoxar forn 2 1 (A1)
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At this point, we are ready to define the basis functions fy,,(x1,x2), which we have
seen already in (1.9):

1
vnlmlgntm
min(m,n)

I S
e k=0

fmn a ™ x fO *a™" (A.l?)

where the second line can be proven by induction, using (A.5a) and (A.5b).
Using (A.9), (A.11a) and (A.11b), it follows that

(fmn * fkl)(x) = 6nkfml(x)- (A.13)

It is this multiplication rule which means that the x-product translates into ma-
trix multiplication:

m,n=0 m,n=0
= (a*b)(z) = > (ab)mnfmn(),  (aD)n = Y dmibin, (A.14D)
m,n=0 k=0

where the sequences {a,,, } must be of rapid decay in order that they describe elements of
RZ [15]:
0

Z Uy € RS iff Z <(2m +1)%(2n 4+ 1)% ]amn\Q) < 00, VEk.

The normalization of f,, is such that

I _
50 Az frn(x) = S (A.15)

We will conclude this section by providing the matrix base expression for a, a, and
various combinations thereof. We start by recognizing that (A.14a) implies

/ A (0% fum)(@) = apg / A% (fpg * frm)(@) = 27000404 0pm = Gmn.- (A.16)
p,q

(Notice that the ordering of the indices on the f,,, is opposite to that on the a,,,.) Hence
the matrix element a,,, is

1
l— 20 d*r [a* from](z) = ﬁ d*r Vim4+1)0fnme1 =V (m+1)0 dppi1n, (A7)

where we have exploited the trace property of the integral and the defini-
tion (A.12). Similarly,
C_Lmn =V m95mn+1. (A18)
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From (A.17) and (A.18), it follows that

[a@]mn = Qmplpn, = /(M + 1)06m41p/ PO0pn+1 = (M + 1)06,,
(@] mn = Gmpapn, = VmBompr1v/ (p+ 1)00p 110 = MmOy, (A.19)

which, incidentally, gives a direct proof of the fact that [a,al, = 6.
Multiplying a (respectively a) by itself r (respectively s) times yields

[a" | = Qmp,Apips - - - Apr_1n= \/(m + 1)1 +1) ... (Pr—1 4+ 1)0"0mt1p1 Opr+1ps - - - Op,_1+1n

= _lar(sm-l—rn
[(_Zs]mn = Qmp,Opyps -+ - Opg_1n = \/MPL - . .ps,lesémplﬂéplmﬂ ... 5pr—1n+1
|
m.
— F985mn+8. (A20)

A.2 A basis for the effective action

To illustrate the main points concerning a basis for the effective action, we will continue
to work in D = 2, and will additionally focus on the two-point part of the action. Writing
vy = 276 we have (before any rescalings with A):

1
2pt __
S =1y Z §¢mn14mn;kl¢kla (A21)

m,n,k,l

for some arbitrary operator kernel A,,,.;; (henceforth, the limits on the various sums are
always understood to be from zero to infinity). We will define a procedure to develop this
operator on a basis given by traces of products of a,a and ¢.

The operator A1 develops on its matrix elements as

Amn;kl = § |:Amn;n+r m+55n+r k:(sl m-+s + Am k+r;k m+s(5n k+r5l m—+s
r,s>0

+Al+sn;n+rl6n+r k51+sm + Al+s k-l—r;kl(sl—l—s m(sn k+r|- (A22)

This development holds in all generality. However, in a theory such that n —m =k — [,
that is theories which conserve the “angular momentum” (which is the case for the Grosse
& Wulkenhaar model) it further simplifies. Namely r = s in the first and fourth terms and
r = s = 0 in the second and third terms.

We write the general development and leave it to the reader to further simplify it.
Substituting (A.20) into the above equation and subsequently substituting the whole lot
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into (A.21), we write

1 1 m! n! 1/2
2pt _ § - = E A r =5
S =19 - 6(T+s)/2 2{ « |:(m S)' (n 7n)':| mn;n—l—rm-‘,—s(bmn[a ¢a ]nm

ml KOV o
* Z L (m+s)! (k+7)! ] A ktrikmes (08 mk[08 ]

m,k

i e
2 ((+s)(n i r)!} Arsnintrila®@linla” Gl

n,l

I! g2
+Z } Al s krkr[a® da” 1k drr -

k.l

(A.23)

Taking the example of the first term above we see that, at fixed r and s, the vertex coefficient

15

function is a function of only m and n. Developing it in a Taylor series'® we write

1/2
1 m! n! A
075 (m+ s)! (n+r)! s

(9m)*(6n)”

m=n=0

1 (90‘(96 1 m! n! 1/2A
B Z alplgatsm |:9r+s (m+ s)! (n+ r)!] mmn;nAr m+s

Oé

= Z B&P(0m)> (0n)? (A.24)

whereupon, using (A.19), its contribution to the two point term can be written
vy Z Ba’ﬁ Tr [ a)® (b(da)ﬁa”(bds}.
a,fB,r,s
Treating the other terms in a similar way, the full two-point vertex can be written as

S =y 3 %{Bﬁf’f Tr [(aa)%(aa)ﬁawaﬂ + O Ty [(aa)%af(aa)%aﬂ (A.25)

a767r7s

+D30 Tr [(aa)a*¢(aa)"a” 6| + B2 Tr |(aa)a* ¢’ (aa) o) }

where Cﬁ‘ ’f , D?‘ ’SB , Ef{ ’SB are picked out from the second, third and fourth lines of (A.24) in
direct analogy with Brs . As before, if both r and s are zero, we understand that only one
term in (A.25) should be retained, whereas if » but not s is zero (or vice-versa), we keep
two independent terms, discarding their identical copies.

5Note that we use here a continuous Taylor development. Obviously one can chose to use a discrete
development, that is to replace the derivatives by finite differences. This only slightly modifies the numerical
values of the brings coefficients BT 7, but does not change the terms in the series.
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One can readily translate eq. (A.25) in terms of dimensionless X operators
by substituting

o= % (X2 - z‘f(l) a= f/—% (X2 + z‘f(l) . (A.26)

Notice that since Amn;kl can be thought of as a two-point vertex, our analysis shows that
this can be written in our basis, and hence translated in to a function of X.

Note, though, that we are only interested in theories for which the action can be written
without any loose Lorentz indices. This translates into restrictions on the two point terms
we develop on the basis described above.

B Operator norms

To simplify notation, we use the following shorthands: the index M; is taken to represent
the pair of indices (m;,n;) (each of which, we recall, stands for a further pair of indices)
and we define

~ Ay
ArN = AN
X4
In this section, we will compute
Jlim 057 = 057 e, (B1)
— 0

where we will take J to be even (it is easy enough to adapt the following analysis to J
odd), and examine those realizations of () which encompass all relevant and marginal
terms and certain families of irrelevant terms.

To compute the norm, we recall the inner product (3.29). This takes the form of
a functional integral with Gaussian weight and so, upon expanding out the a and the b
in terms of the fields, we simply sum over all possible contractions of pairs of fields. To
simplify the subsequent analysis, we notice that

<¢M1 T ¢M2J>OO = lim

. 10 - 0
N Ah—rgo P <§3_¢ . 8_¢ PMy " Py o
1 /10 -~ oY\’
_Aféoﬁ<§a_¢'A'a—¢ My - Oy (B.2)
From (3.17), we see that we can write
J/2 , ;

@ s~ (1) (18 < 9\ (@

%= ]Z:% 7\ 209 2 ) Ui, 00 OMys (B.3)
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where we sum over repeated indices. Putting everything together we have:

J/2 ; J—j—k
—1)J+k 1o - o\’
o= 2 = lim W) E ( ‘ ‘ <—— A —>
1051 Aooo MMy Kl"'Kijio (J—J7—k)jE \20¢ 09

[<%(% A aagb) YRR J] [<%(% A aaqa) DKy - ¢KJ]-(B-4)

Consider the J — j — k pairs of derivatives. For each pair, either both can act on the

contents of the first square brackets, or both can act on the contents of the second square
brackets, or one can act on the contents of each. Let us denote by J — 2« the number of
pairs of these derivatives that fall into the latter class. The biggest value J — 2a can take
is limited by which ever of the square brackets has the least number of fields remaining,
after the derivatives within the square brackets have acted. Now, inside the first square
brackets, after the associated derivatives have acted there are J — 2j ¢s left. Similarly,
inside the second square brackets there are J — 2k ¢s. Therefore we see that

max(j, k) < a < J/2. (B.5)

Now, after the J — 2« derivatives have acted, there are J —2j — (J — 2a) = 2 — 27 fields
remaining in the first square brackets and 2« — 2k remaining in the second. Thus, of the
2a — j — k remaining pairs of derivatives, o — j must strike the contents of the first square
bracket, leaving o — k to strike the contents of the second:

J/2 , J/2
O = tim (@ (@ (=17 Tk (20— ]~k
10577 e = Jim w3l s, i, D (J —j — k)jI&] 2. < JS<a >< a-j )
J:k=0 a=max(j,k)
1 a 8 — — J72C|{
A “ o x 0
(3553 55) owwom) (a—qs'”%)
10 ~ 9\°
[(58_¢A8_¢> ¢K1...¢KJ . (B.6)

This expression greatly simplifies. To see how, we start by rewriting the sums accord-
ing to
J/2 J/2 J2 [j-1J/2  J/2 J/2

)P IERS N DRSNS

J,k=0 a=max(j,k) j=0 \k=0a=j k=ja=k
which yields:
J/2

1 Jj2 Jj2

10571 = Jim il uif e, > jZJ/2+ZZ L
J oo = I Uppy g, YK K FE(T = 2a)! (e — j)(a — k)]
j=0 \k=0a=j k=ja=k
9\ F) AN
(o527 55) o om) (%'“%)
_9\“
[(26¢'A'8_¢> ¢K1...¢KJ (B.7)

,35,



Recognizing that
J2 J)2 T2 o

D> =20

k=ja=k a=jk=j

we have:
J/2 J/2 : «a
”ng)“go = hm ug\/ll M,UK1 K;ZZ 2a)!a! Z(_l)k<%)
71=0 a= ] k=0
19 9\ 5 2\
(305 8755) o om] (%'“%)
19 + 0\°
[(56_¢A8_¢> ¢K1...¢KJ . (B.8)

Looking at the sum over k, it is apparent that this expression vanishes unless o = 0. In
turn, this implies that we must take 7 = 0. Finally, then, we see that the expression for
the norm of the Os takes a very simple form:

— — J
w . w w 1 a A a
105711% = legféou&l)---MJ“&ﬁ)---KJ Sary - My (6_¢ A 6_¢> Pry - DK,

= lim ugw) MJU%I) 1 [AsK, - -AMJ;KJ + permutations]

A~>oo
_ (@) (@) mn )

J1FjeF - Fly i= 1
B.1 Operators built from Kronecker-is

As a first exercise, we will consider the case where u(®) is just a string of d-functions:

unhm ‘myny — H5n1m2+1’ (B.lO)

where we identify the index i + J with i. The superscript (d) denotes the restriction to
terms possessing built only out of strings of d-functions. This leads to:

J J
G2 g c(mi, ng; )
102715 = (Hl 5’”) <Hl5”“> 2 H A (2 1 g & ) s Ok

J1#£jeFF#jg =1

. c(mi, mii1;0)
= lim g Il ARARL Okt O e
Ao Ay 2 iRg;+1 7M1 R,
* J17£]27é Fjgi=1 X4 i+ mHl)

kj.;0)
= lim ] +15 Rj;5 5 . .
e ﬁ#ag #is Hl e 2 kg + Ky,) e (B.11)

where, in the last expression, we must remember that we are summing over kq, ...,k .
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We now wish to compute the leading behaviour in 6 in the A — oo limit. To do this
we will, at the appropriate juncture, replace each index sum with an integral, the upper
limits of which are # (the difference between the sum and the integral is, in this limit,
subleading). However, it may be that some of these nascent integrals are killed (before
they actually come into being) by the Kronecker-ds. Since we are interested in the leading
behaviour in @, we are thus interested in the case where the minimum number of integrals
is killed. In fact, we need not kill any; this can be achieved by taking

j2+1:j1, j3—|—1:j27 jJ+1+1:jJ7

since then the product of Kronecker-ds in (B.11) becomes

J
| e
i=1

Thus we have:

J J-1

iy vj—i— 75)
|o% H2_hm }:}:” Rjis Rj—i-1
Lk 5= 1204X42+k3] Z+k]ll)
J 1 1
= lim ————=— dkq---dk ”7 B.12
Ao (4m)2/ 97 /0 ! Ji:l 2+ ki + ki1’ ( )

where, as usual, identify kg with k;. Recalling that the k; represent two indices, we see by
power counting that we expect

1012, = lim (A, 8+ By), (B.13)

We will now show that A; vanishes.
To do this, we first combine the denominators in (B.12) using Feynman parameters, x;:

109112, (B.14)
1 /0 ! (J —1)!
~ lim — [ dki---dk dat - de15(1 — 21 — o v —
Ao J/o ! J/o mLdegdl = ) G b -+ kyby)?

where, for brevity, we have dropped the overall constant .J/(4m)2/ and we define

We now perform the J integrals over the kis to yield

10D, ~ lim ﬂ/edkz e /1dx sy
Asoo 07 g E O 7 ! by by
1 1
=D D (DI i [2 4 by bk o+ (b + b))
i1=0  i;=0
(B.16)

,37,



To perform the integrals over the k‘gs, we need the result that

9 1 n+1 a-+b0
[ st et i) - 0 = 3 [F g - G| L @an
0 n + 1 0
where
1
— B.1
= (B.1)
and we identify (5(1) = 0.
As a warm up, let us define
Aj =24 k2b; + -+ k5by + (inby + -+ ijby)0 (B.19)

and consider
0 1 B B
/ dk% hl(AQ + blk%) = b_ |:(A2 + b10) [ID(AQ + b10) — 1] — Ag(ln Ay — 1)
0 1
1
1 , - R
b Z(—l)(]1+1)(142 + j1b10) [In(As + j1b160) — G(1)] . (B.20)
Jj1=0

It is now a simple matter to see that

1

||O ||2 lim( )J+1/ dry---dryo(l —zq — Tj)
A—oo 0 (ble---bJ)2

67
1 1 1 1
Z Z Z Z 21+---+iJ+j1+---+jJ
[2+ ((i1 + )b+ - + (ig +J'J)bJ)§]J

( (i1 4 j1)b1 + -+ + (i + js)by) ) —¢s(1 )] : (B.21)

As anticipated in (B.13), the leading behaviour in the A — oo limit is
(6) 2 .
0] =1 Ajln60+ B
HJHOO AEI;O(Jn"i_J)
where, up to an unimportant constant,

) 1
Ly (biby -~ by)2

1 1 1 1
DTN Y () R Gy )by A A (i A+ 50)bg)
i1=0 17=071=0 Jjr=0

(B.22)

1
AJN/ dxl---dxﬂS(l—xl—
0

Let us focus on the final line, which we can write as:

1 11 1
Z .. Z Z .. Z (—1)it ittt (B.23)

<d]1 J a2oz1) (J —on e on71) (i1 + j1)ba]™ - [(ig + j1)bs]*
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Now, if ag = 0, for any k, then the expression vanishes, since

Therefore, we must have that oy, = 1, Vk. But, since

Z Z 1) 4k (), + jj,) = 0, (B.24)

i, =0 =0

this contribution vanishes too. Therefore,
Ay=0. (B.25)

As for By, the contributions coming from the (;(1) vanish, for exactly the same reason

that A; vanishes. Reinserting the overall constant gives:

(=t 1 Sy 1
BJ:W/ dxlde(S(l—%j—_ )(ble ZZ ZZ Z
0 i1=0 iy=051=0  j;=0
(=)t () 4 )by + -+ (i + G)bs]”

Xln[(ll +]1)b1—|——|—(2J +]J)bj:| (B26)

The first By is:
By =

(@)t (9In3 — 141n 2). (B.27)

B.2 Adding Xs

Having shown that operators constructed out of just Kronecker-ds have constant norm, we
now move on to consider more complicated cases. All the operators in our theory can be
built by sandwiching X xS between the various ¢s. Now, since all Lorentz indices must be
contracted, we are led to consider!'®

[(V m1l15m1n1+16k1+1l1 + V n1k15m1+1n16k1l1+1> 6m2126n2k2

<\/ m2125m2n2+15k2+112 =+ V n2k25m2+1n25k212+1) 5m1115n1k1:|7 (B28)

(%) (X1) = 3
+

as the basic ingredient for what follows.

Now, to begin with, we will suppose that all instances of X are such that, with the
above parametrization, n = k (we will deal with the more general case, later). In this case
we have:

4

(XuX"),, = (L +m)o (B.29)

16 1f we were to contract (X, )mn and (X,)x via 8" (or its inverse), the result will be antisymmetric
under interchange of (m,n) with (k,I). Since interactions are invariant under permutations of the fields,
such contributions die and so need not be considered any further.
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Considering, as an example, an operator which has a piece like

(bmlnl (XuXﬂ)nlm2¢m2n2 )

it is clear that the the operators we are considering are specified by

J @i
1+m; ,
e D I | o () I R

{a1,...,ay}=cyclic{k1,...,k s} Li=1

where the k; are non-negative integers, and the ordered set of «; take values specified by the
independent cyclic permutations of the ordered k;. The purpose of the peculiar looking
sum to symmetrize over contributions which are identical as a consequence of the trace
structure of the interaction. For example,

gbmlnl (X,uXu) gbmgml = ¢m1n1 ¢n1mg (X,uXu)

nimsa many’

As a shorthand for the full operators, we will use OSH).

The computation of the norm in the large A-limit is similar to before, but with an
obvious difference: when we convert the sums to integrals, there will be extra powers of
k; in the numerator. Due to the 1/6 which accompanies each (1 + mj;y1), simple power
counting indicates that the only terms which survive in the large-A limit are those for
which the constant piece (i.e. unity) is dropped. In this case, after converting the sums to
integrals, every power of k; in the numerator comes with precisely one factor of 1 /5; as in
the previous case, the norm is a constant, up to possible logarithmic pieces. We now show
that, once again, the logarithmic pieces vanish.

The type of integrals we are now interested in look like

plon,ma) _ 1 /gdk dk kit kg (B.31)
J - gltortetas [ ! J(2 +kiby 4+ kgby)T .

(Of course, we must at some point integrate over the Feynman parameters, but this is not
necessary to show that the contributions to the norms logarithmic in 6 vanish.)

To compute this integral, let us define

0
GIJE/ dyy - dyr(2+kiby + -+ kgby+y1 +--+yr) 7. (B.32)

Now we can write

7 [e%1 ag
(al,...,aj) _ 1 e i oo i
Fy T g/ttt /0 dky - dky <(%1> <(%J> Gertves—y (B33

Interchanging the order of differentiation and integration we perform the integrals over the
k; (for which we can read the result off from the last section), followed by the integrals
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over the y; to yield:

1

AR A
§J+a1+ — Z Z Z Z i1+ttt i <8—bl>

=0 i;=051=0 7,=0

(ar,.ag)
FJCVl (63

1 . . . . - JH+ai+-ta
(b b))? [2+ ((i1 + )b+ -+ + (ig + js)bs)0] renttay

In <2 + ((i1 + J1)br + -+ 4 (ig + 5.)by) ) CItar+- +aJ(1)] , (B.34)
The leading behaviour in the A — oo limit is:
( . 1 11 1
lim F @I )" B AR S b IR e
A F LD BEED DD BEED M
1=0  iy=0j1= ji=

Z Z(%l) <) (=1t tBI(B 4 1)1 (B 4 1))

B1=0  B;=0
J+51+“'+5J J+B1++By
Z Tt Z 0T+ 814 +B =y == (B.35)
71=0 7s=0
1 1

; iy =Bit L P e =Br+
A TINN T 71!...%!(“4'»71) (i +37) :

Defining
- Bi, (B.36)

we can write:

1 1 1 1
Jim F ) (Jbar 4 ag) By YN Y (S

oy J+Ba++0B J+B1++Br-1

ED DD SRS

B1=0 B;=0 ea=—p1 es=—0BJ

5‘]_61_____5‘] (il 4 jl)a1+61 L. (iJ 4 jJ)aJJreJ

b2761 . b2+6J

. S B+ B+ )
(%D (%) Do (Br+e))  (Br+en) (B:37)

As we might guess, it turns out that this expression vanishes. To see how, let us start by
supposing that one of the es is unity, say €;. But now the sum over (3; vanishes, unless
a; = 0. However, if a1 = 0, then the sum over i; (and j;) causes the expression as a whole
to vanish.

Now, given that the ¢; sum to J, it is clear that if none of the ¢; can equal unity,
then at least one of the es must be non-positive. Taking this to be e, = —4§1, we are led
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to consider

1 1

21 1 — al 1 1 (ﬁl + 1)'
ZOJZ::O +i ZMIZ i+ )™ (81) (1) G
1 1 N
- 'Z:o Z:0 Zlﬂl Z:t)ﬁz B ) o <% >(_1)61 ((gllj—&))!' (B.38)
i11=0j1= 1
L a1 a1 —01
21 1 al! : - \orp —01 —
B Z: RPN rrery CREUND W CERD ILRURS

However, using the result that

n
0g<n
Z n\pd — B.39)
p)p { : (
= #0g=>n
it is apparent that we must take ac; — 91 = 0 or 1. In the first case, the sums over i; and j;
separately cause the expression to vanish; in the latter case, the combined sum over i and
j causes the expression to vanish.
In conclusion, then, it follows that

HO Hoo = const. (B.40)

Next, we will look at the norm of an operator possessing a pair of Xs which are
separated, viz.

(bmlnl (Xu)nlmQ ¢m2m3 e ¢m1n1 (X“)n1m1+l¢ml+lml+2 T ¢m.zm1- (B-41)

When computing the norm, we will start by looking at the contributions from
(X’ 1) (X’ ) that have non-trivial structure in the indices n{, m3, nj and mj_ .
nimsz nrmr41
Thus, looking at (B.28), we will focus on the pair of terms in the first round brack-
ets. Defining
1i=1
ri=< —1li=1 (B.42)

0 otherwise,

we have the following contribution to the norm coming from the indices with a superscript 1:

J
1
5 [( 5n11mz+l+rz> (n%mIJrl 1/2 <H 5n1+r,m ) n m )1/2] (B43)
=1
J
[<H5l§k3+1+n> (ki)' + <H511+r kit ) lfk%)m] Z <H5m%l}i5"%k}¢>'

hiFFjs \i=1
Let us focus on the term formed by taking the first contribution from each of the pairs
of square brackets. Performing the sums over the n;, l; and m; yields:
1 121 1 1 71/2
Ok g T R [Fejy (kg + 1) (kj, —r)kpia]

g Jz+1+

FFhg

(B.44)
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Now, the leading term in the large-A limit occurs when the Kronecker-ds do not kill any

of the sums of the k;. This requires that

.]Z+1 + 1 e ji) Tj'H»l g _TZ" (B45)

Using (B.42), we therefore deduce that

Tj, = —r1 =1, = Jo =1, =n=1+1
T = —T1=1,  =jri=1 =j=2, (B.46)

from which it is apparent that the argument of the square root in (B.44) is a perfect square.

Consequently, we are left with terms like those we found in our analysis of the operators

OSH): the sums over the k}, which become integrals, have leading terms in the numerator

like k:llkjl /6. We know that such contributions give rise to a constant norm. It is easy to

check that the same thing happens for all contributions coming from (B.44). Thus, the

operator corresponding to (B.41) has constant norm.

References

[1]

2]

[10]

[11]
[12]

A. Connes, M.R. Douglas and A.S. Schwarz, Noncommutative geometry and matriz theory:
compactification on tori, JHEP 02 (1998) 003 [hep-th/9711162] [SPIRES].

M.R. Douglas and N.A. Nekrasov, Noncommutative field theory,
Rev. Mod. Phys. 73 (2001) 977 [hep-th/0106048] [SPIRES].

S. Minwalla, M. Van Raamsdonk and N. Seiberg, Noncommutative perturbative dynamics,
JHEP 02 (2000) 020 [hep-th/9912072] [SPIRES].

I. Chepelev and R. Roiban, Renormalization of quantum field theories on noncommutative
R?. I: scalars, JHEP 05 (2000) 037 [hep-th/9911098] [SPIRES].

I. Chepelev and R. Roiban, Convergence theorem for non-commutative Feynman graphs and
renormalization, JHEP 03 (2001) 001 [hep-th/0008090] [SPIRES].

H. Grosse and R. Wulkenhaar, Renormalisation of ¢* theory on noncommutative R? in the
matriz base, JHEP 12 (2003) 019 [hep-th/0307017] [SPIRES].

H. Grosse and R. Wulkenhaar, Power-counting theorem for non-local matrix models and
renormalisation, Commun. Math. Phys. 254 (2005) 91 [hep-th/0305066] [SPIRES].

H. Grosse and R. Wulkenhaar, Renormalisation of ¢* theory on noncommutative R* in the
matriz base, Commun. Math. Phys. 256 (2005) 305 [hep-th/0401128] [SPIRES].

R. Gurau, J. Magnen, V. Rivasseau and F. Vignes-Tourneret, Renormalization of
non-commutative ¢ field theory in x space, Commun. Math. Phys. 267 (2006) 515
[hep-th/0512271] [SPIRES].

E. Langmann and R.J. Szabo, Duality in scalar field theory on noncommutative phase spaces,
Phys. Lett. B 533 (2002) 168 [hep-th/0202039] [SPIRES].

V. Rivasseau, Non-commutative renormalization, arXiv:0705.0705 [SPIRES].

J. Polchinski, Renormalization and effective Lagrangians, Nucl. Phys. B 231 (1984) 269
[SPIRES].

,43,


http://dx.doi.org/10.1088/1126-6708/1998/02/003
http://arxiv.org/abs/hep-th/9711162
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/9711162
http://dx.doi.org/10.1103/RevModPhys.73.977
http://arxiv.org/abs/hep-th/0106048
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0106048
http://dx.doi.org/10.1088/1126-6708/2000/02/020
http://arxiv.org/abs/hep-th/9912072
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/9912072
http://dx.doi.org/10.1088/1126-6708/2000/05/037
http://arxiv.org/abs/hep-th/9911098
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/9911098
http://dx.doi.org/10.1088/1126-6708/2001/03/001
http://arxiv.org/abs/hep-th/0008090
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0008090
http://dx.doi.org/10.1088/1126-6708/2003/12/019
http://arxiv.org/abs/hep-th/0307017
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0307017
http://dx.doi.org/10.1007/s00220-004-1238-9
http://arxiv.org/abs/hep-th/0305066
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0305066
http://dx.doi.org/10.1007/s00220-004-1285-2
http://arxiv.org/abs/hep-th/0401128
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0401128
http://dx.doi.org/10.1007/s00220-006-0055-8
http://arxiv.org/abs/hep-th/0512271
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0512271
http://dx.doi.org/10.1016/S0370-2693(02)01650-7
http://arxiv.org/abs/hep-th/0202039
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0202039
http://arxiv.org/abs/0705.0705
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0705.0705
http://dx.doi.org/10.1016/0550-3213(84)90287-6
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA,B231,269

[13]

[14]

[15]

[16]

[25]

[26]

[27]

28]

[29]

K.G. Wilson and J.B. Kogut, The renormalization group and the e-expansion,
Phys. Rept. 12 (1974) 75 [SPIRES].

F.J. Wegner and A. Houghton, Renormalization group equation for critical phenomena,
Phys. Rev. A 8 (1973) 401 [SPIRES].

J.M. Gracia-Bondia and J.C. Varilly, Algebras of distributions suitable for phase space
quantum mechanics. 1, J. Math. Phys. 29 (1988) 869 [SPIRES].

R.J. Szabo, Quantum field theory on noncommutative spaces, Phys. Rept. 378 (2003) 207
[hep-th/0109162] [SPIRES].

T.R. Morris, Elements of the continuous renormalization group,
Prog. Theor. Phys. Suppl. 131 (1998) 395 [hep-th/9802039] [SPIRES].

O.J. Rosten, Triviality from the exact renormalization group, arXiv:0808.0082 [SPIRES].

F.J. Wegner, Some invariance properties of the renormalization group, J. Phys C 7 (1974)
2098.

M. Disertori, R. Gurau, J. Magnen and V. Rivasseau, Vanishing of 3-function of non
commutative ¢ theory to all orders, Phys. Lett. B 649 (2007) 95 [hep-th/0612251]
[SPIRES].

J.I. Latorre and T.R. Morris, Fzact scheme independence, JHEP 11 (2000) 004
[hep-th/0008123] [SPIRES)].

L.P. Kadanoff, Scaling laws for ising models near T(c), Physics 2 (1966) 263 [SPIRES].

R.D. Ball, P.E. Haagensen, I. Latorre, Jose and E. Moreno, Scheme independence and the
exact renormalization group, Phys. Lett. B 347 (1995) 80 [hep-th/9411122] [SPIRES].

S. Arnone, A. Gatti and T.R. Morris, A proposal for a manifestly gauge invariant and
universal calculus in Yang-Mills theory, Phys. Rev. D 67 (2003) 085003 [hep-th/0209162)]
[SPIRES].

T.R. Morris and O.J. Rosten, Manifestly gauge invariant QCD, J. Phys. A 39 (2006) 11657
[hep-th/0606189] [SPTRES].

S. Arnone, T.R. Morris and O.J. Rosten, Manifestly gauge invariant QED,
JHEP 10 (2005) 115 [hep-th/0505169] [SPTRES].

T.R. Morris, A manifestly gauge invariant exact renormalization group, hep-th/9810104
[SPIRES].

V. Rivasseau, From perturbative to constructive renormalization. Princeton series in physics,
Princeton University Press, Princeton U.S.A. (1991).

H. Grosse and R. Wulkenhaar, The 3-function in duality-covariant noncommautative ¢*
theory, Eur. Phys. J. C 35 (2004) 277 [hep-th/0402093] [SPIRES].

[30] V. Rivasseau, Constructive matriz theory, JHEP 09 (2007) 008 [arXiv:0706.1224]

[SPIRES).

— 44 —


http://dx.doi.org/10.1016/0370-1573(74)90023-4
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRPLC,12,75
http://dx.doi.org/10.1103/PhysRevA.8.401
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA,A8,401
http://dx.doi.org/10.1063/1.528200
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=JMAPA,29,869
http://dx.doi.org/10.1016/S0370-1573(03)00059-0
http://arxiv.org/abs/hep-th/0109162
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0109162
http://dx.doi.org/10.1143/PTPS.131.395
http://arxiv.org/abs/hep-th/9802039
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/9802039
http://arxiv.org/abs/0808.0082
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0808.0082
http://dx.doi.org/10.1016/j.physletb.2007.04.007
http://arxiv.org/abs/hep-th/0612251
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0612251
http://dx.doi.org/10.1088/1126-6708/2000/11/004
http://arxiv.org/abs/hep-th/0008123
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0008123
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PYCSA,2,263
http://dx.doi.org/10.1016/0370-2693(95)00025-G
http://arxiv.org/abs/hep-th/9411122
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/9411122
http://dx.doi.org/10.1103/PhysRevD.67.085003
http://arxiv.org/abs/hep-th/0209162
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0209162
http://dx.doi.org/10.1088/0305-4470/39/37/020
http://arxiv.org/abs/hep-th/0606189
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0606189
http://dx.doi.org/10.1088/1126-6708/2005/10/115
http://arxiv.org/abs/hep-th/0505169
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0505169
http://arxiv.org/abs/hep-th/9810104
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/9810104
http://dx.doi.org/10.1140/epjc/s2004-01853-x
http://arxiv.org/abs/hep-th/0402093
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0402093
http://dx.doi.org/10.1088/1126-6708/2007/09/008
http://arxiv.org/abs/0706.1224
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0706.1224

	Introduction
	The Grosse & Wulkenhaar model
	Renormalizability

	The flow equation
	The matrix Polchinski equation and variants
	The effective action
	Diagrammatics

	Wilsonian renormalization
	Commutative theories
	Noncommutative theories
	Floating-points
	Renormalized trajectories
	Beyond leading order


	The matrix base
	Constructing the base
	A basis for the effective action

	Operator norms
	Operators built from Kronecker-delta s
	Adding tildeX s


